
E S T I M A T E  OF T H E  Q U A N T U M  C O R R E C T I O N  T O  T H E  

T R A N S P O R T  C O E F F I C I E N T S  OF M O N A T O M I C  G A S E S  

V. S. Y a r g i n  a n d  G.  I .  B e l a s h o v a  UDC 533.73 

Quantum co r r ec t i ons  to the t r anspor t  coeff ic ients  of al l  mona tomic  gases  a r e  calculated.  
The t e m p e r a t u r e  range  in which these co r r ec t ions  a r e  impor tan t  is found m o r e  accura te ly .  
The calculated r e su l t s  a re  compared  with exper iment .  

The appl icat ion of quantum mechanics  to the descr ip t ion  of the in teract ion of molecu les  in gases  
p e r m i t s  the calcula t ion of the t r a n s p o r t  coeff ic ients  (viscosity and the rma l  conductivity) for  high, i n t e r -  
med ia te ,  and very  low t e m p e r a t u r e s .  It is poss ib le  to take account  not only of diff ract ion effects  re la ted  
to the wave p r o p e r t i e s  of the coll iding molecu les  of the gas ,  but a lso  s y m m e t r y  effects  re la ted  to the kind 
of s t a t i s t i c s  obeyed by an ensemble  of mo lecu l e s  of the gas.  Both these effects  contr ibute  a quantum c o r -  
rec t ion  to the values  of  the t r anspo r t  coeff ic ients .  

Somewhat  con t rad ic to ry  opinions a r e  exp re s sed  in the l i t e ra tu re  [1-3] as  to the t e m p e r a t u r e  at  which 
quantum effects  begin to be impor tan t .  We have es t imated  the quantum co r r ec t i ons  to the t r anspo r t  coef f i -  
c ients  Of al l  mona tomic  gases ,  and, in pa r t i cu l a r ,  have de te rmined  m o r e  accura te ly  the t e m p e r a t u r e  range  
in which this c o r r e c t i o n  m u s t  be taken into account  in p rac t i ca l  ca lcula t ions .  

The t r a n s p o r t  coef f ic ien ts  (the t h e r m a l  conductivity ~ and t h e  v iscos i ty  ~/) of monatomic  gases  were  
calculated by the fo rmu la s  of the r igorous  kinetic theory of g a s e s  [2] 
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The p a r a m e t e r s  ~ and e for  the ga se s  cons idered  were  taken f rom [2] where  they a r e  tabulated fo r  
the L e n n a r d - J o n e s  potential  on the bas i s  of expe r imen ta l  data on v iscos i ty  
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The s t a r t ing  points for  the quantum mechan ica l  calculat ion of the col l is ion in tegra l  is the solution of 
the radia l  wave equation for  two in te rac t ing  molecu les .  Using the p a r a m e t e r s  of the Lennard - J o n e s  poten-  

t i a l  this equation can be wr i t ten  in the fo rm 

d2 t / ( l - - l )  16~2( 1 1 ) !  
dr,~ (r*~) ~- • ~ (r*~) = 0, (4) r.2 j~,2 r ,  t2 r,6 

where  r* = r / a ;  ~4" = ~ .  

The solution of this equation pe rmi t s  an e s t ima te  of the phase shif t  of the wave function r i .e. ,  the 
probabi l i ty  of the re f lec t ion  of a molecule  by an angle X in a coll ision.  The col l is ion c r o s s  sect ion Q(• and 
the re la ted  normal i zed  col l is ion in tegra l  [1] 
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Fig .  1. C o l l i s i o n  i n t e g r a l  ~2(z, 2)* as  a func t ion  of the r e -  

duced  t e m p e r a t u r e .  

{ 
p(~,.~), = ~ =5 ( - 6  in a) 3 Q (x) da. (5) 

0 

c a n  be c a l c u l a t e d  f r o m  the p h a s e  sh i f t .  

Us ing  the r e s u l t s  of a n u m e r i c a l  i n t e g r a t i o n  of  th is  e q u a t i o n  [4] the n o r m a l i z e d  c o l t i s i o n  i n t e g r a l  
(2,2)* can  be c o n s t r u c t e d  a s  a func t ion  of  the r e d u c e d  t e m p e r a t u r e  f o r  v a r i o u s  v a l u e s  of  the de B o e r  p a r a m -  

e t e r .  

F i g u r e  1 shows  t h r e e  c u r v e s .  The  f i r s t  of  t h e s e  (~* = 0) c o r r e s p o n d s  to no quan tum c o r r e c t i o n ,  i . e . ,  
to a c l a s s i c a l  c a l c u l a t i o n  of  the c o l l i s i o n  i n t e g r a l .  The  s econd  c u r v e  (X* = 0.59) i s  c h a r a c t e r i s t i c  of  the 
neon ,  and the t h i r d  (X* = 2.67) of  h e l i u m .  

The  c u r v e  c o r r e s p o n d i n g  to X* = 0.59 i s  only  s l i g h t l y  d i f f e r e n t  f r o m  the c u r v e  fo r  X* = 0, and ,  c o n s e -  
q u e n t l y ,  the quan tum c o r r e c t i o n  to the  t r a n s p o r t  c o e f f i c i e n t s  f o r  Ne i s  r a t h e r  s m a l l .  

S ince  the  v a l u e s  of  the  de B o e r  p a r a m e t e r  fo r  the o t h e r  g a s e s  l i e  b e t w e e n  0.59 and z e r o ,  i t  should  
be e x p e c t e d  tha t  the quan tum c o r r e c t i o n  w i l l  be a s  s m a l l  fo r  t hem a s  fo r  neon. 

Us ing  da t a  on the n o r m a l i z e d  c o l l i s i o n  i n t e g r a l  of  r e a l  g a s e s  and da ta  on the n o r m a l i z e d  c o l l i s i o n  
i n t e g r a l  in the c l a s s i c a l  c a s e  i t  i s  p o s s i b l e  to c a l c u l a t e  the r e l a t i v e  c o r r e c t i o n  to the c o l l i s i o n  i n t e g r a l ,  
and f r o m  Eqs.  (1) and (2) the quan tum c o r r e c t i o n  to the t r a n s p o r t  c o e f f i c i e n t s  t h e m s e l v e s .  

The  above  me thod  was  used  to c a l c u l a t e  the quan tum c o r r e c t i o n s  to the t h e r m a l  conduct ivi ty-  and 
v i s c o s i t y  of  m o n a t o m i c  g a s e s .  Bose  - E i n s t e i n  s t a t i s t i c s  w e r e  used  f o r  h e l i u m ,  neon,  a r g o n ,  and k r y p t o n ,  

T A B L E  1. Quan tum C o r r e c t i o n s ?  (in %) to T r a n s p o r t  Coe f f i c i e n t s  
of  M o n a t o m i c  G a s e s  [5 = 100% ( X q u - ) ~ c [ ) / ~ c [  = 100% ( ~ q u - V e l )  

/nell 
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J~rhe c a l c u l a t i o n  was  p e r f o r m e d  f o r  a r e d u c e d  t e m p e r a t u r e  T * -  > 
0.3.  The  u p p e r  l i m i t  of the  t e m p e r a t u r e  300~ c o r r e s p o n d s  to  a 
r e d u c e d  t e m p e r a t u r e  T* of 50 f o r  He ,  14 fo r  Ne ,  4 fo r  A r ,  2.6 f o r  
K r ,  a n d  2.2 fo r  Xe .  

1513 



50 

4,0 

30 

20 

0 / 
a /? 

/ 5 0  . 

7/: 
/ 

j K C 

I: r 
0 fO ?_.0/ 

N,e L 

Kr 

H8 

0 lO0 200 300 0 I00 200 

Fig.  2. T h e r m a l  conductivi ty (a) and v i scos i ty  (b) of monatomic  
gases  in the t e m p e r a t u r e  range  3-300~ 
is  in ~ 

X is in W / m . d e g  and T 

and F e r m i  - D i r a e  s t a t i s t i c s ,  fo r  xenon. The r e su l t s  of the calculat ion a r e  l isted in Table  1. Analys is  of 
these  r e su l t s  shows that the quantum c o r r e c t i o n  does not exceed 0.3% for  all  mona tomic  gases  at  room 
t empera tu r e .  The c o r r e c t i o n  d e c r e a s e s  with inc reas ing  t empera tu re .  F o r  dec reas ing  t e m p e r a t u r e s  the 
quantum c o r r e c t i o n  i n c r e a s e s  and osc i l l a tes  in sign, as  can be seen  f rom Fig. 1 and Table  1. 

Di rec t  ca lcula t ion of the t h e r m a l  conductivity and v iscos i ty  using Eqs. (1), (2), and (5), and data for  
the co l l i s ion  in tegra l  (1), (4) a r e  shown in Fig.  2a and b. The open cu rves  in these f igures  a re  for  the 
t he rma l  conductivity and v i scos i ty  calculated by c l a s s i c a l  theory.  The solid cu rves  a r e  calculated by quan-  
tum theory.  

In addition to the calcula ted cu rves ,  the m e a s u r e d  values  of the t r anspo r t  coeff ic ients  repor ted  by a 
n u m b e r  of authors  [5-7] a r e  shown in these f igures .  The exper imen ta l  values  and the quantum theory c a l -  
culat ions a r e  in re la t ive ly  good ag reemen t .  

In conclusion,  i t  should be noted that quantum c o r r e c t i o n s  a r e  ve ry  impor tan t  fo r  helium; for  neon 
these c o r r e c t i o n s  begin to m a t t e r  only below 200~ and fo r  argon,  krypton,  and xenon the quantum c o r r e c -  
t ions a r e  of the o r d e r  of tenths of a pe rcen t  even at  ve ry  low t e m p e r a t u r e s  (down to T* = 0.3). 

T 
M 
(Y 

~(2,2)* 

T* = k T / e  

Z* = Z/or = h / a ~ / m c  

2~qu, 7/qu 
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N OTA TION 

is the temperature of the gas, ~ 
is the molecular weight of the gas; 
is the m o l e c u l a r  col l is ion d iamete r ;  
is the normal ized  col l is ion integral ;  
is the reduced t e m p e r a t u r e ;  
is  the p a r a m e t e r  of the m o l e c u l a r  in terac t ion  potential;  
a r e  the quantum numbers  cha rac t e r i z ing  the re la t ive  kinetic energy  and the angular  
m o m e n t u m  for  b inary  col l is ions;  
is the de Boer  p a r a m e t e r ,  equal to the ra t io  of the de Brogl ie  wavelength ~ of the 
re la t ive  motion of two molecu les  with re la t ive  kinetic energy e to the col l is ion 
d i a m e t e r  (~; 
a r e  the t r a n s p o r t  coeff ic ients  calculated by quantum theory;  
a r e  the t r a n s p o r t  coeff ic ients  calculated c lass ica l ly .  

1, 
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